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classifications of sleep apnoea: obstructive (OSA), central (CSA) and a combination of the two (termed mixed or complex sleep apnoea). Here we are concerned with CSA, also known as Cheyne-Stokes respiration (CSR), which results from neurological conditions that currently are not very well understood (Bradley and Floras 2003) .
Cheyne-Stokes respiration is characterized by progressively deeper hyperpnoeas (increased depth of breathing) followed by apnoeas (decrease or stop in breathing) typically occurring during sleep (Yumino and Bradley 2008) . In normal respiratory control, a negative feedback loop causes oxygen (O 2 ) and carbon dioxide (CO 2 ) to be supplied and expelled at a constant stable equilibrium. In essence, CSR is a consequence of apnoeas causing an increase in the CO 2 concentration in the lung blood, which after a transport time delay, reaches the chemoreceptors in the neck that stimulate breathing to the point of hyperpnoeas that overcompensate and decrease CO 2 concentrations below the threshold, causing apnoea again. This series of events gives this condition its cyclical nature of abnormal breathing patterns, the definition of CSR (Hall and Guyton 2011; Yumino and Bradley 2008) . Research shows that being of the male gender, or suffering from certain medical conditions (congestive heart failure, atrial fibrillation and strokes) predispose an individual to an increased likelihood of developing CSR (Bradley and Floras 2003; Yumino and Bradley 2008) .
Studies have shown that CSR is supine dependent (Sahlin et al. 2005) . While in the recumbent position, cycles of hyperpnoeas and apnoeas are more frequent; however, the cause is unknown (Sahlin et al. 2005) . Recent medical studies suggest that a major component in the onset of CSR is fluid shift in the body, upon entering the recumbent position (Sahlin et al. 2005; Su et al. 2009 ). As the fluid shifts, the amount shifted to the head-neck region is a small portion of the total fluid in the body, but is very significant relative to the amount of blood in this compartment (see Table 3 ; Su et al. 2009 ).
Despite the fact the there are a large number of mathematical models relating to the cardiorespiratory system, few have considered the idea of fluid shift. Those that do base it on orthostatic stress (Etter et al. 2011; Fink et al. 2004; Kappel et al. 2007 ). The purpose of this paper is to construct a mathematical model of the cardiovascular and respiratory systems that can be used to investigate the likelihood of CSR onset due to fluid shift caused by a change in body position.
Mathematical Model
The cardiorespiratory system of a human is modelled using a 15 compartment model. The system models carbon dioxide, CO 2 , concentrations in the blood that is circulated throughout the heart and circulatory system. Figure 1 outlines the compartments and blood flow in the model as well as addition and removal of CO 2 in the exchange vessels (lungs and capillaries) (Aaronson et al. 1999 ). Concentrations of CO 2 and O 2 in the blood are monitored and controlled by chemoreceptors in the neck-brain compartment (Fowler and Kalamangalam 2000; Vielle and Chauvet 1993) . These chemoreceptors become stimulated during periods of low oxygen or high carbon dioxide levels in the blood (hypoxia or hypercapnia) (Aaronson et al. 1999) . These receptors respond quickly to changes in CO 2 concentration and cause a change in the rate of breathing almost immediately (Dong and Langford 2008; Fowler and Kalamangalam 2000) . The response to changes in O 2 is much slower, on the order of days. The model, therefore, is concerned with the transport of CO 2 rather than O 2 concentrations in the blood.
The blood flow rate at rest, Q, is broken down into three parts corresponding to the portions for the legs, J L , abdomen, J A , and neck-head, J N , with J A + J L + J N = 1. Similarly, let M be the total rate at which CO 2 is produced by metabolism at rest and let K A , K L , and K N represent the fraction of M that occurs in the abdomen, legs, and neck, then K A + K L + K N = 1.
Except for the capillary compartments (9, 10, 11, and 15), it is assumed that the CO 2 concentration does not change as it passes through each of the other compartments (Dong and Langford 2008) . Let c i be the concentration of CO 2 in compartment i expressed in terms of mL of CO 2 at STP per litre of blood, and let v i be the volume of compartment i, i = 1, ..., 15. Then, the rate of change of CO 2 in non-capillary compartments is simply the input minus the output,
where c 0 ≡ c 15 . CO 2 sensors in the neck arterioles (compartment 6) control the ventilation rate and thus the removal rate of CO 2 from the pulmonary capillaries to the alveoli of the lungs. This is termed the control function and is modelled using the Hill functioṅ
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whereV is the half-maximal ventilation rate, a is the concentration of CO 2 in the blood at which the chemoreceptor response is half saturated, and n > 0 determines the slope of the curve (Dong and Langford 2008; Hall and Guyton 2011; Keener and Sneyd 1998; Mackey and Glass 1977 ).
The dynamical system modelling CSR is:
where J * = J A + J L . Here, V G is the alveolar gas volume, p A and p I are partial pressures of CO 2 in the alveolar and inspired air, respectively, and D is the perfusion constant. D is computed based on the ideal gas law and takes into account that c i is measured at STP but inside the lungs the air is at approximately body temperature. As shown in Dong and Langford (2008) ,
where T S and P S are standard temperature and pressure and T B is body temperature. It is assumed that the partial pressure of CO 2 in the alveoli is equal to that in the capillaries (Dong and Langford 2008) . Conversion of concentrations to partial pressures of CO 2 is given by the empirical linear relation
which relates partial pressures (mmHg) and concentrations (mL/L at STP) in the capillaries (Atamanyk and Langford 2003; Dong and Langford 2008; Hall and Guyton 2011) and is valid over the range of values applicable to the model. With the above assumptions we get
Nondimensionalization of the governing equations identifies the half-maximal ventilation-perfusion ratio,
which relates the volume of gas that reaches the alveoli per unit time to the blood flow rate. The medical literature suggests that typically the ventilation/perfusion ratio falls between 0.2 and 2.1 with a mean of one (Barrera et al. 1969; Dong and Langford 2008; Wagner et al. 1974) . A low ratio corresponds to hypoventilation (very slow rate of breathing) and a high level of CO 2 in the lungs. Alternately, a high ratio corresponds to hyperventilation (deep, rapid breathing) and a low level of CO 2 .
Model parameter values were determined from the literature and are listed in Table 1 (Goerke and Mines 2000; Hall and Guyton 2011; Levick 2000; Mohrman and Heller 2010; West 2000) . Blood volume parameters provided are base values for a typical subject. The parameter value a is chosen so that the equilibrium values of c i , i = 1, 2, ..., 8, 15, are equal to the standard measured value of 480 mL/L. Typical values for a range from 485 to 495 mL/L (Atamanyk and Langford 2003; Dong and Langford 2008; Marino and Suttin 2007) .
Changing the gain in the model may correspond biologically to having a stroke, congestive heart failure, or atrial fibrillation (Bradley and Floras 2003; Yumino and Bradley 2008) . The sensitivity of the chemoreceptors to changes in CO 2 concentration in the neck arterioles in governed by the gain µ = n 4a (7) which is the slope of the control function (1) at the half saturation level c 6 = a. Figure 2 displays the control function over this range of a and for µ in the range of 0.02-0.06. The control function has a change in slope as the parameter values change; however, complete saturation never occurs. This provides verification for the values used in the model.
Results
Data were gathered from 20 subjects (ten males, ten females) in both the standing and supine positions using bioelectrical impedance ). Fluid volumes in four body areas; legs, abdomen, thorax, neck, were measured after standing for 5 min and after remaining supine for 90 min. The fifteen compartment models were assigned proportions to these four areas as given in Table 2 . Measured fluid volumes were of extracellular fluid (i.e., blood and interstitial fluid) so, in order to minimize the effects of interstitial fluid volumes and to account for error in measurements, the total amount of fluid in each subject was normalized to five litres. Volumes were then averaged over all males and females separately and the difference (supine minus standing volume listed in Table 3 ) was divided proportionally using Table 2 into each of the 15 model compartments. Base case values stated in Table 1 were used as standing volumes and the base case ± associated compartmental difference volumes were used as supine volumes. Author's personal copy 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15 Legs 0 Fig. 3 Steady-state solutions of (2) a steady breathing pattern found in typical subjects; r = 1, µ = 0.03. b Oscillatory breathing pattern (CSR); r = 1, µ = 0.07
Effects of Fluid Variation on Cheyne-Stokes Respiration
The cardiorespiratory system displays two distinct behaviours: a stable steady state representing stable breathing patterns ( Fig. 3a) and stable periodic solution representing CSR (Fig. 3b) . Hopf bifurcations effect this transition. Here we use the ventilationperfusion ratio r (6) and the gain µ (7) as the bifurcation parameters. For values of µ greater than some critical value µ 0 depending on r , the system has stable limit cycles.
Results from numerical computation are shown in Fig. 4 . Bifurcation points were computed by fixing the value of r and using a bisection method to find the value of the gain at for which the real parts of a pair of complex eigenvalues of the Jacobian matrix were zero. The bifurcation curve was then continued in the (r, µ) plane by changing the value of r . The Hopf bifurcation is supercritical. Below the Hopf bifurcation curve, a globally stable equilibrium is present, representing a typical breathing pattern, while the region above the Hopf curve the system has a stable limit cycle, representing CSR. Both male and female results show that Cheyne-Stoke respiration is in fact supine dependent. Hopf curves computed for averaged male and female supine curves lie below standing curves in both cases, see Fig. 4 narrow, yet males display a greater difference than females, which is consistent with what is stated in the clinical literature. The medical literature suggests pooling of fluid in the neck contributes to the onset of CSR ). As seen in Table 3 , the neck volume shifts are the largest relative shifts. To investigate whether the neck volume is critical in determining the position of the Hopf bifurcation curve, the neck and thoracic volumes were increased independently. The measured neck volume increase from Table 3 was proportionally taken from each of the compartments in the thorax, abdomen, and legs, and placed proportionally in each of the neck compartments according to Table 2 . The thoracic volume was independently increased in the same way. Figures 5 and 6 show the Hopf curves corresponding to these increases. It is clear that the neck volume plays a crucial role in the position of the curve. When the neck volume is independently increased, there is a clear reduction in the 'normal' region of breathing and the bifurcation curve falls below the standing curve. When the thorax volume is increased, the position of the Hopf bifurcation is actually slightly higher than the standing curve, indicating that increasing the thoracic volume plays no part in the downward shift of the Hopf curve. To investigate whether a simple increase in volume of all compartments can account for the shifting of the Hopf curve, the volume of each compartment in the body was increased by 5 % relative to the standing volume. Results are shown in Fig. 7 where a very slight downward shift in the position in the Hopf curve can be seen. Thus, we conclude that it is the neck volume, not the relative change or any other compartment volume, that is critical in determining the position of the Hopf bifurcation curve.
Cheyne-Stokes respiration is neurological in origin, and the peripheral chemoreceptors in the brain play a large role in the onset of periodic breathing (Dong and Langford 2008; Vielle and Chauvet 1993 ). In the model, this is reflected by the fact that the breathing control function is dependent on the concentration of CO 2 in the neck arterioles, c 6 . It is not surprising then that the neck volume has the most significant effect on the position of the Hopf curve. The model has four compartments completely or mostly within the neck (Table 2 ). Figure 8 displays bifurcation curve position changes from increasing fluid volumes by 1.044 % (the amount of total body fluid shifted to the neck) in these individual compartments compared with the standing curves. Results show that the arterioles of the head and neck (c 6 ) and the capillaries of the head and neck (c 9 ) have the most impact in whether or not the bifurcation curve will shift down into the normal region. Further, increasing the volume of any compartment decreases the rate of change of CO 2 in that compartment, modelled by equation (2). Therefore, when the volume of the head-neck compartment increases, the time delay before the chemoreceptors measure the change in CO 2 concentration increases. It is this increased time delay that leads to oscillations in breathing. This is in line with what is known biologically. The shifts in body fluid, and fundamentally the amount of excess fluid in the neck, have been shown in the model to be responsible for altering an individual's likelihood of developing oscillatory breathing; corresponding to CSR. Despite these results, it should be noted that the gain is a larger determining factor than body fluid shift on altering the prevalence of CSR in an individual. Major changes in the value of the gain could occur after patients suffer from congestive heart failure, a stroke, or atrial fibrillation (Bradley and Floras 2003; Yumino and Bradley 2008) . This alteration in the gain alone would have far more effect on the incidence of CSR in any individual than effects seen during body fluid shift.
Adaptations could be made to the model by including age, height, and BMI, as it is known that these are factors that affect the likelihood of developing CSR. Perhaps more importantly, improved biological data would be beneficial. More specific parameter values as well as fluid volume data from patients who currently have CSR would provide more accurate results. The model predicts that treatment such as wearing compression socks, sleeping in a more upright position, and any other form of therapy that reduces fluid shift would reduce an individual's likelihood of experiencing CSR.
